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o Introduction to Learning Theory

@ Neuroalgebraic Geometry:
from Learning Theory to Algebraic Geometry

@ Polynomial Neural Networks

@ Polynomial Group Convolutional Neural Networks
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Learning Theory & Neuroalgebraic Geometry
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Learning Theory

{Distribution D on X X R}

Y

Hypothesis space H
Sample S { (h:X >R}

/

/ Learning Algorithm A /

hs € H Error:
bounded error &E(h) = E(x,y)~2)[(h(x) —}’)2]-
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Learning Theory

@ Goal: minimizes

Distribution D on X x R
E(h) = Exy)~p[(h(x) - y)?].
Hypothesis space H
Sample S yp{; ‘X —>p1R} @ Method (Empirical Risk

Minimization ‘A): minimize

Learning Algorithm A

* Esh) =~ 3 (hx) -2

(x,y)eS

hsE(/’{

bounded error
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Learning Theory

@ Question: Is it possible to probabilistically bound the generalization
error for all h € H:

|E(h) - &Es(h)|.
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Probable Approximate Correct Learnability

Definition (PAC Learnability)

A hypothesis class H is PAC learnable if there exist a learning rule ‘A and a
sample complexity function:

Mg (0,1)2 > N,
such that for every &, € (0, 1) and every distribution D over X X Y:

If
m > myy(g,6)

i.i.d. samples from P, then with probability at least 1 — ¢, A returns a
hypothesis h# such that

E(hg) - fr)r;i?r}é}(h) <e.
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Sample Complexity & Covering numbers

o H c C(X) — compact set, d — metric on C(X).

my(e,6) = Q (Az log M) .
€ 0

N (H, &) = minimum number of g-balls needed to cover H.

[Marchetti et al., 2025, Cucker and Smale, 2001]
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Sample Complexity & Covering numbers

" &-balls covering H

‘H—algebraic variety

log N(H, &) = O (dim(7-() log degT(ﬂ) +A|.

[Marchetti et al., 2025, Yomdin and Comte, 2004 ]
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Take away

Dimension and degree = covering numbers — expressivity and sample
complexity of the model
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Neuroalgebraic Geometry

Machine Learning Algebraic Geometry

sample complexity and expressivity —dimension, degree, and covering number
subnetworks and implicit bias  singularities
identifiability and invariance fibers of the parameterization

critical point theory, discriminants, and dynamical

optimization and gradient descent . )
invariants

[Marchetti et al., 2025]
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Polynomial Neural Networks
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Definition of Polynomial Neural Networks

@ A L-layer polynomial neural networks with
o input layer x
o weight matrices § = (W, ..., W) e RN
e monomial activation function o

Dy (x) := Weor(Wr_10v(. .. or (W0 (Wix)))).

o ®(0,x) € Sym(x, r-=")Ne coefficients € mSym(@, (r-=1,rt=2, ..., 1)).
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Definition of Polynomial Neural Networks

o Example: L =2,r =2. Let x = (X1, X2),

W1:(j Z), Wo=(e 1).

Then

Dy(x) = Wo oo (Wix) = e(axq + bxo)? + f(cxy + dxz)2.
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Definition of Neuromanifold

@ The neuromanifold Mg is the image of @
Me = {D@g]| 6 € RN} c Sym(x, rt=1)Ne.

By Tarski-Seidenberg, Mg is a semi-algebraic set.

Sym(x, rt=H)M
RN
@ Mo
® > o (I)g

Parameter space

Polynomial space
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Related works

@ Fully connected networks; no constraints of W;.

@ For high enough activation degree, the neuromanifold has the expected
dimension. [Craciun, 2025, Finkel et al., 2025, Massarenti and Mella,
2025, Usevich et al., 2025, Kileel et al., 2019].

@ Convolutional networks (Shift Equivariant); W is cyclic.

Wy Wo W3 0 0
W=|o0 wy Wo W3 0
0 0 wy Wo W3

The neuromanifold is a variety that is birational a Segre-Veronese
Variety. [Shahverdi et al., 2024].
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Polynomial Group Convolutional Neural Networks
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Group algebras

Let G-finite group, K-field, x-tuple of variables, S := K[x].

o Group algebra:

S[G]={6:G— S} = {Z 0(9)g | 6(g) € s} ~ gl¢l,

geG

e Convolution: (6 «y)(9) = Speg6(gh™Hw(h).
e Hadamard (entrywise): (0o )(g) = 0(g9)w(g), 07(0) =0o---00.
| —

r

@ Kronecker: 6 @ y € S[G X H], (0®y)(g,h) =0(g)y(h),
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Definition of PGCNN

Letx = X191 + -+ Xngn € S[G] and 0 = (64, ...,6,) € (K[G])-.
o PGCNN (Hadamard view):

@p(x) =07 (... (0r(X*01) % 02) - x01_1) =0,

Use 07 (x * 01) = (x®  65")|g to get

@ Kronecker view:

(-1 11 -2
Dy = (x® *0‘?” *Gg’r *---*QL)|G

¥o

@ Neuromanifold (for r > 2):
Mo = {®g : 0 € K[G]"} c Sym(x,r-")[G],
M, ={po: 0 € K[G]'} c K[G" ]
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Definition of PGCNN

M, CE[G] —2 s Mo © Sym(x, iG]
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Main results: Dimension of neuromanifold

Let L = #layers, and r > 2 then

dim(M,) = dim(Mo) = L(|G| - 1) +1.

Proof techniques:
o At a general point 6 € K[G]%, rank(Jy®) = dim(Ma).
@ Consider Jg@ as a matrix over the ring of polynomials K[8]. Compute
the symbolic rank.
o Example: Consider the symbolic matrix over K[y, y2]

M= yi ye .
Yo ¥
The determinant of M is the polynomial

detM = y% — y3.
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Main results: shape of general fiber of ¢

For general filters 6 := (61, ...,60L), we have ¢g = @y, up to a rescaling, if
and only if

Y=(01%G1, g7 *02%go, ..., Gp o *O—1 % Gi-1, 914 *6L),

where gi € Gfor1 <i <L —1, up to rescaling each filter.

A\

Lemma (Lemma 5.1 [ 1))

Letyi,...,yn € K9 be linearly independent. Then the symmetric tensor

A= Zn:yi@r
i=1

has a symmetric rank rankg(A) = n.

5 ¢

= = = = Ty
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General Fiber of ¢: Key Proof Steps

Step 1: Separate the last layer. Write 6’ = (61,...,0,_1). From
¢(0) = 1p(¥)

we obtain
@0 0L = 29" )® * .
Step 2: Invert the last layer (generality). For general filters 6, iy, is invertible. Set
po= Oyt s @(0) =20
Step 3: Use symmetric tensor rank. This identity expands as

> (@) (¢(6) +9)*".

geG

@ The vectors {¢(6’) * g}geg are linearly independent.

@ By a classical rank result [Comon et al., 2008], this forces u to be a (scaled)
group element.

Conclusion. ¢, and ¢, differ by group action and scale. Apply the inductive
hypothesis to 6.
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Main results: shape of general fiber of ®

VP .q := {p € Sym(x,kd) | 3g € Sym(x.d), ¢ = p}.

Choose m polynomials in py, . .., Pm € VPp kg, we call their linear span
<p1,...,Pm >in Sym(x, kd) by an m-secant line of VP 4.
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Main results: general fiber of @

Let G ={g1,...,9n} as a set, and let the activation degree r > 2. For general
filters 6 = (64, ...,0), where L > 1 we have

<0 (®o)(g1), - T (Po)(gn) > N VP 11 = {07 (Pp)(G1), - - -, 07 (Pp) (9

Theorem (Conditional on Conjecture)

For general filters 6 := (61, ...,60L), we have @y = @, up to a rescaling, if
and only if ¢y = (61 % g1, 97" %02 %Gz, ..., g5 * OL—1 %G1, 9, 'y * 6L,
where gi € Gfor1 <i <L —1, up to rescaling each filter.
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Outlook

Prove the conjecture about general fibers of ®.
Study the degree of M.
Study the singular locus of the neuromanifold.

Extend to arbitrary polynomial and rational activation functions.

e 6 6 o o

Extend to compact groups.
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Thanks for listening!
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